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Abstract
We present the example of ℓp spaces, where we examine results of topological
and algebraic genericity and spaceability. At the end of the paper we include
a project with other chains of spaces, mainly of holomorphic functions, where a
similar investigation can be done.
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0 Introduction
We consider chains of spaces Xi ⊂ Xj , Xi 6= Xj for i < y and we examine if Xi is an
Fσ meager in Xj (topological genericity); equivalently, if Xj −Xi is a Gδ-dense subset
of Xj . The main tool towards this is Baire’s Category theorem for complete metric
spaces. Furthermore, we examine if Xj −Xi contains a vector space, except 0, dense
in Xj (algebraic genericity). Finally, we examine if Xj − Xi contains a vector space,
except 0, which is infinite dimensional and closed in Xj (spaceability). One can also
examine, if
⋃
i<j
Xi is an Fσ meager in Xj (topological genericity) and if Xj r
(⋃
i<j
Xi
)
contains vector spaces except 0 (algebraic genericity and spaceability).
In Sections 1, 2 and 3 we treat the example of ℓp spaces. We do not include the
study of ℓpr
⋃
q<p
ℓq which follows easily in a similar way as the cases included in Sections
1,2,3. Most, but not all, of the examples, concerning ℓp spaces, treated in Sections 1,2,3
can be found in [1] and [2], where the algebraic genericity and spaceability for ℓpr
⋃
q<β
ℓp
β ≤ p are also included.
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For algebraic genericity and spaceability we are also referring to the works men-
tioned in [1], [2] and especially these of F. Bayart and S. Charpentier, which have
influenced us. For the topological genericity we refer to [3] below and the references
there in, especially the works of J.-P. Kahare and K.-G. Grosse-Erdmann.
The chain of ℓp spaces can be extended adding intersections of such spaces, as well
as, the inclusions ℓp ⊂ c0 ⊂ ℓ
∞ ⊂ H(D) ⊂ CN0 , where every sequence (an) in ℓ
∞ can
be identified with the function f(z) =
∑
anz
n, which is holomorphic in the open unit
disc D of the complex plane C. The cartesian product CN0 can be identified with the
set of formal power series
∑
anz
n, (an) ∈ C
N0 .
In Section 4 we present a project with other chains of spaces, where similar questions
may be investigated. They are mostly spaces of holomorphic functions in the disc D,
but they also include some sequence spaces, via the identification (an) =
∑
anz
n. We
can also add to the project other spaces of holomorphic functions as Dirichlet spaces
or Bloch spaces, as well as spaces of holomorphic functions on domains in Cd, d ≥ 1
and not only on D. In all previous cases the spaces are complete metrizable topological
vector spaces, in fact F -spaces, and the injections Xi ⊂ Xj are continuous. What about
spaces of harmonic functions on domains of Rn2.
In Sections 5 and 6 we give two original theorems concerning Hardy spaces on
D: Theorem 8 about topological genericity and Theorem 9 about algebraic genericity.
These results are in the frame of the project presented in Section 4. A result comple-
menting Theorem 8 is the following.
Theorem A. Let 0 < p < +∞. Then there exists a holomorphic function f on the
open unit disc D, such that 1) and 2) below hold.
1) sup
0<r<1
∫ 2pi
0
|f(reiθ)|qdθ < +∞ for all 0 < q < p
2) sup
0<r<1
∫ b
a
|f(reiθ)|δdθ =∞ for all p ≤ δ < +∞ and a < b.
The set of such functions f is a Gδ and dense subset of
⋂
q<p
ℓq endowed with its
natural topology.
For the proof we use the fact that for ω ∈ R and γ =
1
p
the function g(z) =
1
(z − eiω)γ
belongs to ℓq for all q ∈ (0, p) but not to ℓp. The proof of the previous
theorem is similar to that of Theorem 8 and is omitted.
A result complementing Theorem 9 is the following theorem, whose proof is similar
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to that of Theorem 9 and is omitted.
Theorem B. Let 0 < p ≤ q ≤ +∞ and α < β be fixed. Then
( ⋂
β<p
HβrHq[a,b](D)
)
∪{0}
contains a vector space dense in
⋂
β<p
Hβ endowed with it natural topology.
The space
⋂
β<p
Hβ can be replaced by Hp provided p < q.
1 Topological genericity for the ℓp spaces
We will deal with the following spaces
ℓ∞ ⊃ c0 ⊃
⋂
p>b
ℓp ⊃ ℓb ⊃
⋂
p>a
ℓp ⊃ ℓa ⊃
⋂
p>0
ℓp
where 0 < a < b < +∞.
All inclusions are strict. For instance
(1, 1, . . .) ∈ ℓ∞−c0,
( 1
n
1
b+1
)
∞
n=1
∈ c0−
⋂
p>b
ℓp ,
( 1
n1/b
)
∞
n=1
∈
( ⋂
p>b
ℓp
)
r ℓb,
( 1
n
1
γ
)
∞
n=1
∈
ℓb−
⋂
p<a
ℓp with γ =
a+ b
2
,
( 1
n
1
a
)
∞
n=1
∈
⋂
p>a
ℓpr ℓa,
( 1
n
1
x
)
∞
n=1
∈ ℓar
⋂
p>0
ℓp with x =
a
2
.
Also all above spaces are metrizable complete topological vector spaces, when en-
dowed with their natural topologies. The spaces ℓ∞, c0, ℓ
p with 1 ≤ p < +∞ are
Banach spaces. The space
⋂
p>b
ℓp with 1 ≤ b < +∞ is a Fre´chet space. We consider a
strictly decreasing sequence pm ↓ b and the distance in this space is defined by
d(f, g) =
∞∑
m=1
1
2m
‖f − g‖pm
1 + ‖f − y‖pm
, where ‖F‖p =
( ∞∑
n=1
|F (n)|p
)1/p
.
For 0 < p < 1 the space ℓp is not a Banach space. It is a metrizable complete
topological vector space with metric dp(f, g) =
∞∑
n=1
|f(n) − g(n)|p. For 0 ≤ a < 1 the
space
⋂
p>a
ℓp is a metrizable complete topological space. Let pm ↓ a. Then,the metric
in this space is
d(f, g) =
∞∑
m=1
1
2m
dpm(f, g)
1 + dpm(f, g)
where dp(f, g) =
∞∑
n=1
|f(n)− g(n)|p.
Let Y and X two of the previously mentioned spaces with X ⊂ Y and Y − X 6= ∅.
Then, the injection map I : X → Y , I(f) = f is linear continuous and it is not
sufjective. Then, according to a theorem of Banach its image I(X) = X is meager in
Y ; that is, X is contained in a denumerable union of closed in Y subsets with empty
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interior (in Y ). In some cases we will show that X is equal to such a set; that is, X is
an Fσ meager subset of Y ; equivalently Y rX is a Gδ and dense subset in Y , while in
the general case Y −X is residual in Y .
Let Y,X be two spaces among the previously mentioned ones, with X ⊂ Y and
Y rX 6= ∅. If X = c0, then Y = ℓ
∞. In this case X is a closed vector subspace of Y
and hence it has empty interior in Y . Thus, X = c0 is an Fσ meager subset of Y = ℓ
∞.
Next we consider the case X = ℓp with 0 < p < +∞.
Proposition 1. Let X = ℓp with 0 < p < +∞ and Y ⊃ X, Y −X 6= ∅ be one of the
spaces mentioned previously. Then X is an Fσ meager subset in Y .
Proof. We have that convergence in Y , fm → f , as m → +∞, implies pointwise
convergence, fm(n) → f(n) as m → +∞ for all n = 1, 2, . . .. Since Y − X 6= ∅,
there exists g ∈ Y rX. Fix such a g. We have X =
∞⋃
M=1
EM , where EM =
{
f ∈ Y :
N∑
n=1
|f(n)|p ≤M for all N = 1, 2, . . .
}
. We will show that EM is closed in Y .
Indeed let fm ∈ EM for m = 1, 2, . . . and f
m −−−−−−→
m→ +∞
f in Y . Since convergence
in Y implies pointwise convergence we have
N∑
n=1
|fm(n)|p −−−−−−→
m→ +∞
N∑
n=1
|f(n)|p for every
N = 1, 2, . . .. As fm ∈ EM we have
N∑
n=1
|fm(n)|p ≤ M . This implies
N∑
n=1
|f(n)|p ≤ M
for all N = 1, 2, . . .. Thus, f ∈ EM and we have proved that EM is closed in Y . Thus,
X is an Fσ subset of Y . Since, according to the theorem of Banach, X is meager in Y ,
the proof is completed. However, in order to avoid the use of the theorem of Banach,
we will show that E◦M = ∅. If not, there exists f ∈ Y with f ∈ E
◦
M . Let g be in Y −X.
Then, f +
1
k
g →
k
f in Y because Y is a topological vector space. Since f belongs to
the open in Y set E◦M , there exists k so that f, f +
1
r
g ∈ E◦M ⊂ EM ⊂ X. Since X is
also a vector space, it follows that g ∈ X which contradicts the fact that y ∈ Y rX.
The proof is completed. 
The remaining case is X =
⋂
p>a
ℓp, 0 ≤ a < +∞. Then Y ⊃ X, Y − X 6= ∅ is
one of the previously mentioned spaces. Therefore, there exists b ∈ (a,+∞) such that
X ⊂ ℓb ⊂ Y and Y − ℓb 6= ∅. It follows that ℓb is an Fσ meager subset of Y , according
to Proposition 1. Thus, X is contained in ℓb which is a denumerable union of closed in
Y sets with empty interiors. It follows that X is meager in Y and we arrived to this
conclusion without using Banach’s theorem. Since X =
⋂
m
ℓpm where pm ∈ (a,+∞) is
a strictly decreasing sequence pm ↓ a and each ℓ
pm is an Fσ meager subset of Y we can
not conclude that X =
⋃
p>a
ℓp is an Fσ subset of Y . I do not know the answer if
⋂
p>a
ℓp
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is an Fσ in Y or not.
2 Algebraic genericity for the ℓp spaces
Let X and Y be two spaces mentioned above, such that Y ⊃ X and X 6= Y .
Thus, we say that there is algebraic genericity for the couple (Y,X) if there is a vector
subspace F of Y dense in Y , such that F r {0} ⊂ Y rX.
If Y = ℓ∞, 1 do not know the answer whether there is algebraic genericity for the
couple (ℓ∞,X) or not. May be the difficulty is that ℓ∞ is not separable. In all other
cases we have algebraic genericity. The essential lemma is the following.
Lemma 2. Let 0 < b < +∞, Y =
⋂
p>b
ℓp and X = ℓb. Then we have algebraic genericity
for the couple (Y,X).
Proof. Let xj, j = 1, 2, . . . be an enumeration of all elements xj = f ∈ C0 with
f(n) ∈ Q + iQ for all n = 1, 2, . . . and such that there exists nj ∈ N such that
xj(n) = f(n) = 0 for all n > nj. Then the set {xj : j = 1, 2, . . .} is dense in Y .
Let also Aj, j = 1, 2, . . ., be a sequence of infinite subsets of {1, 2, . . . , } pairwise
disjoint. Since Aj is infinite denumerable, there is a function yj : Aj → C, such that,∑
n∈Aj
|yj(n)|
b = +∞ and
∑
n∈Aj
|yj(n)|
p < +∞ for all p > b.
We extend yj on N by setting yj(n) = 0 for all n ∈ N r Aj . Thus, yj ∈ Y rX. We
consider the sets
Vj =
{
g ∈ Y : dpk(g, 0) <
1
j
for k = 1, 2, . . . , j
}
,
where pk, k = 1, 2, . . . is a strictly decreasing sequence converying to b and
dp(g, 0) =
(∑
n∈N
|g(n)|p
)1/p
for p ≥ 1 and dp(g, 0) =
∑
n∈N
|g(n)|p if 0 < p < 1.
Then, the sequence Vj , j = 1, 2, . . . is a base of neiborhoods of 0 in Y =
⋂
p>b
ℓp. Since Y
is a topological vector space we have lim
c→ 0
cyj = 0 in Y . Thus, there exists cj 6= 0 with
cjyj ∈ Vj . We will construct a sequence fj ∈ Y =
⋂
p>b
ℓp, such that fj − xj ∈ Vj for all
j = 1, 2, . . . and any non-zero finite linear combination of the fj will belong to Y −X.
Then, the linear spaces F of the fj’s, j = 1, 2, . . . will be a vector subspace of Y dense
in Y , such that F r {0} ⊂ Y −X. That is, we have algebraic genericity.
It suffices to set fj(n) = xj(n) for n ≤ nj, fj(n) = cjyj(n) for n ∈ Aj−{1, 2, . . . , nj}
and fj(n) = 0 otherwise (or simply fj = xj + cjyj). One early checks that fj ∈ Y rX
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and that fj − xj ∈ Vj . Let f = a1f1 + · · · + aNfN with aN 6= 0. Since Y is a vector
space, it follows that f ∈ Y , Also
∑
n∈AN
n>nN
|f(n)|b = |aN |
b|cN |
b
∑
n∈AN
n>nN
|yN (n)|
b = +∞.
Therefore, f /∈ ℓb. It follows that f ∈ Y rX.
The proof is completed. 
Proposition 3. Let Y and X be two of the previously mentioned spaces, Y 6= ℓ∞,
Y ⊃ X, Y 6= X. Then there is algebraic genericity for the couple (Y,X).
Proof. X cannot be ℓ∞, neither c0. So X =
⋂
p>γ
ℓp for some 0 ≤ γ < +∞ or X = ℓb
for some b ∈ (0,+∞).
Let X = ℓp with 0 < b < +∞. We consider the space Y0 =
⋂
p>b
ℓp. Obviously
Y ⊃ Y0.
According to Lemma 2 there exists a vector space F dense in Y0 such that F−{0} ⊂
Y0 rX ⊂ Y − Y0. It remains yo show that F is dense in Y .
Since convergence in Y0 implies convergence in Y and F is dense in Y0, it follows
that the closure of F in Y contains Y0. But Y0 is dense in Y , because c00 ⊂ Y0 is dense
in Y . It follows that F is dense in Y . Thus, we have algebraic genericity in the case
X = ℓb, 0 < b < +∞. It remains the case X =
⋂
p>γ
ℓp, Y 6= X X ⊂ Y ⊂ c0.
Then there exists b ∈ (γ,+∞) such that ℓb ⊂ Y , ℓb 6= Y .
By the previous case, there exists a vector subspace F of Y , dense in Y , such that
F − {0} ⊂ Y − ℓb.
Since γ < b < +∞ it follows that X =
⋂
p>γ
ℓp ⊂ ℓb. This implies Y − ℓb ⊂ Y −X.
Thus, F − {0} ⊂ Y −X and we have algebraic genericity in this case, as well.
The proof is completed. 
3 Spaceability for the ℓp spaces
Let X and Y be two spaces as above, X ⊂ Y , X 6= Y . We say that there is
spaceability for the couple (Y,X) if there exists a closed infinite dimensional subspace
F of Y such that F − {0} ⊂ Y rX. We will show in this section that we always have
spaceability.
Proposition 4. Let Y = ℓ∞ and X 6= ℓ∞ as above. Then we have spaceability for the
couple (ℓ∞,X).
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Proof. Obviously X ⊂ c0. Thus, it suffices to find a closed infinite dimensional vector
subspace F of Y = ℓ∞ so that F − {0} ⊂ ℓ∞ − c0. Let Am ⊂ N , m = 1, 2 . . .
be a sequence of infinite subsets of {1, 2, . . .} pairwise disjoint. Let F = {f ∈ ℓ∞ :
f(Am) is a singleton for each m = 1, 2, . . .}. It is easy to verify that F is a closed
infinite dimensional vector subspace of ℓ∞ and that F − {0} ⊂ ℓ∞ − c0. The proof is
completed. 
Proposition 5. Let X = ℓb, 0 < b < +∞ and Y ⊃ X, Y 6= X as above. Then we
have spaceability for the couple (Y, ℓb).
Proof. Convergence fm −−−−−−→
m→ +∞
f in Y implies pointwise convergence fm(n)→
m
f(n)
for all n = 1, 2, . . ..
Consider a sequence Aj, j = 1, 2, . . . of infinite subset of {1, 2, . . .} pairwise disjoint.
Let yj : {1, 2, . . .} → C be such that yj(n) = 0 for all n ∈ {1, 2, . . .} r Aj , yj ∈ Y
but yj /∈ ℓ
b; that is
∑
n∈Aj
|yj(n)|
b = +∞. Let F be the closure in Y of the linear span
〈y1, y2, . . .〉. It is immediate that F is a closed infinite dimensional vector subspace of
Y . It remains to show that if f ∈ F , f 6= 0, than f /∈ ℓb.
There exists a sequence fm ∈ 〈y1, y2, . . .〉 with f
m −−−−−−→
m→ +∞
f in Y . Since f 6= 0,
there exists n0 ∈ {1, 2, . . .}, such that f(n0) 6= 0. There exists j0 ∈ {1, 2, . . .} so that
n0 ∈ Aj0 . Otherwise f
m(n0) = 0 for all m, which implies that f(n0) = lim
m
fm(n0) = 0.
For each m = 1, 2, . . . there exists a constant cm such that f
m|Aj0 = cm · yj0|Aj0 .
If yj0(n0) = 0, then f
m(n0) = 0 for all m. This implies that f(n0) = 0 which
contradicts the fact that f(n0) 6= 0. Therefore, yj0(n0) 6= 0.
Since f(n0) = lim
m
fm(n0) = lim
m
[cmyj0(n0)], it follows that limm
cm =
f(n0)
yj0(n0)
exists
and is a constant c 6= 0. It follows that for any n ∈ Aj0 we have f(n) = limm
fm(n) =
lim
m
cmyj0(n) = cyj0(n). Therefore,
∑
n∈Aj0
|f(n)|b =
∑
n∈Aj0
|c|b|yj0(n)|
b = +∞, since c 6= 0.
Thus, f /∈ ℓb and the proof is completed. 
Proposition 6. Let X =
⋂
p>a
ℓp, 0 ≤ a < +∞ and Y ⊃ X, Y 6= X as above. Then we
have speciability for the couple (Y,X).
Proof. There exists b ∈ (a,+∞) such that ℓb ⊂ Y , ℓb 6= Y . Obviously, since a < b
we have X =
⋂
p>a
ℓp ⊂ ℓb. According to Proposition 5, there exists a closed infinite
dimensional vector subspace F of Y , such that F − {0} ⊂ Y − ℓb ⊂ Y −X. Thus, we
have spaceability for the couple (Y,X).
The proof is completed. 
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Combining Propositions 4, 5 and 6 we obtain
Theorem 7. Let Y,X as above, Y ⊃ X, Y 6= X, Then we have spaceability of the
couple (Y,X).
4 Continuation of the project
Other chains of spaces, where we can investigate the same questions, are the fol-
lowings:
1) A(D) ⊂ H∞(D) ⊂ BM0A(D) ⊂ Hp(D) ⊂ H(D) and intersections of those
spaces.
2) A(D) ⊂ H∞(D) ⊂ Bergman space OLp(D) ⊂ H(D).
3) 0 ≤ p ≤ 1, 1 ≤ γ < +∞, ℓp ⊂ ℓ1 =
{ ∞∑
n=0
anz
n,
∑
|an| < +∞
}
⊂ A(D) ⊂
H∞(D) ⊂
⊂ BM0A(D) ⊂ Hγ(D) ⊂ c0 ⊂ ℓ
∞ ⊂ H(D).
This chain can also be continued as follows: Hγ(D) ⊂ Hβ(D) ⊂ H(D) with
0 < β < 1.
4) 0 ≤ p ≤ 2, 2 ≤ δ ≤ 1, ℓp ⊂ ℓ2 = H2(D) ⊂ Hδ(D) ⊂ H1(D) ⊂ c0 ⊂ ℓ
∞ ⊂ H(D).
5) 0 ≤ p ≤ 2, 0 < ε < 4, ℓp ⊂ ℓ2 = H2(D) ⊂ OL4(D) ⊂ OLε(D) ⊂ H(D).
5′) Hp(D) ⊂ OL2p(D) ⊂ H(D).
6) All previous with localized version of these spaces. As for example H1(D) ⊂
H1(α,β)(D) localized version
5 Topological genericity for Hardy spaces
In this section, as well as, in Section 6, we give two original results in the frame of
the project of Section 4 and especially for Hardy spaces on the unit disc.
Definition. Let a < b and p ∈ (0,+∞). A holomorphic function f on the open unit
disc D belongs to the localised Hardy space Hp[a,b](D), if sup
0<r<1
∫ b
a
|f(reiϑ)|pdϑ < +∞.
If b−a ≥ 2π then Hp[a,b](D) coincides with the usual Hardy space H
p = Hp(D). The
spaces Hp(a,b)(D) are F -spaces under their natural topologies. A sequence fn ∈ H
p
[a,b](D)
converges in Hp[a,b](D) to a function f ∈ H
p
[a,b](D) iff fn → f uniformly on each
compact subset of D and sup
0<r<1
∫ b
a
|fn(re
iϑ)− f(reiϑ)|pdϑ → 0, as n → +∞.
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The space Hp[a,b](D) contains H
p(D) = Hp and the inclusion map is continuous.
Theorem 8. Let p ∈ (0,+∞). Then, the set {f ∈ Hp : for every p < q < +∞ and
every a < b it holds f /∈ Hq[a,b](D)} = {f ∈ H
p : for all p < q < +∞ and all a < b it
holds sup
0<r<1
∫ b
a
|f(reiϑ)|qdϑ = +∞} is a Gδ and dense subset of H
p. In particular it is
non-void.
Proof. Fix p < q < +∞ and a < b. We still show that the set A =
{
f ∈ Hp :
sup
0<r<1
∫ b
a
|f(reiϑ)|qdϑ = +∞
}
is a Gδ-dense subset of H
p. Then varying q to a sequence
qn strictly decreasing and converging to p and a, b in the set Q of rational numbers, by
denumerable intersection the result follows using Baire’s theorem.
We have to show that the set Hp r A can be written as a denumerable union of
closed in Hp sets with empty interiors.
We have Hp rA =
∞⋃
M=1
EM with EM =
⋂
0<r<1
EM,r where
EM,r =
{
f ∈ Hp :
∫ b
a
|f(reiϑ|qdϑ ≤M
}
and
EM =
{
f ∈ Hp : sup
0<r<1
∫ b
a
|f(reiϑ)|qdϑ ≤M
}
.
First we show that EM,r is closed in H
p, which implies that EM is also closed in H
p.
Indeed, let fn ∈ EM,r converges to f in the topology of H
p. This implies that fn
converges to f uniformly on each compact subset of D. Thus,
∫ b
a
|fn(re
iϑ)|qdϑ →
∫ b
a
|f(reiϑ)|qdθ, as n → +∞. As
∫ b
a
|fn(re
iϑ)|qdϑ ≤ M for all n, it follows that
f ∈ EM,r. We have proved that the sets EM,r and EM are closed in H
p.
It remains to show that E◦M = ∅. If not, pick f ∈ E
◦
M . Since E
◦
M ⊂ EM , by the
definition of EM , it follows that f ∈ H
q
[a,b](D).
Let ω =
α+ β
2
. For an appropriate choice of γ > 0 the function g(z) =
1
(z − eiω)γ
belongs to Hp rHq(a,b)(D).
Since Hp is a topological vector space the sequence f+
1
n
g converges in the topology
of Hp towards f , as n → +∞. Since f belongs to the open in Hp set E◦M , it follows
that there exists n so that f +
1
n
g ∈ E◦M . Since f ∈ E
◦
M and E
◦
M ⊂ EM ⊂ H
q
[n,b](D) it
follows that f, f +
1
n
g ∈ Hq[a,b](D). Since H
q
[a,b](D) is a vector space we conclude that
g belongs to Hq[a,b](D). This is a contradiction and the proof is complete. 
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6 Algebraic genericity in Hp spaces
In this section we prove a second original result in the frame of the project in § 4.
Theorem 9. Let 0 < p < q < +∞. Then (Hp r Hq) ∪ {0} contains a vector space
dense in Hp.
Proof. There is γ > 0 so that the function
1
(z − 1)γ
belongs to Hp−Hq. Let ωn =
1
n
.
We consider the functions
fn(z) =
cn
(z − eiωn)γ
, n = 1, 2, . . . .
Choosing cn close to zero we obtain dp(fn, 0) <
1
n
, where dp is the metric in H
p. Let
Pn, n = 1, 2, . . . be an enumeration of all polynomials with coefficients in Q+ iQ. The
sequence Pn, n = 1, 2, . . . is dense in H
p. Since Hp does not contain isolated points, it
follows that the sequence Pn + fn, n = 1, 2, . . . is also dense in H
p. Thus, the linear
space F =
〈
fn + Pn
〉
∞
n=1
is a vector space dense in Hp.
Let
L = λ1(f1 + P1) + · · ·+ λN (fN + PN ), λN 6= 0.
We have to show that L does not belong to Hq. Let a < ωN < b with ω1, . . . , ωN−1 /∈
[a, b]. Then
sup
0<r<1
∫ b
a
|λk(fk + p+ k)(re
iϑ)|qdϑ < +∞ for k = 1, . . . , N − 1.
and
sup
0<r<1
∫ b
a
|λN (fN + PN )(re
iϑ)|qdθ = +∞.
It follows that
sup
0<r<1
∫ 2pi
0
|L(reiθ)|qdϑ = +∞.
Thus, L does not belong to Hq and the proof is complete. 
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